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This research is an extension of previous work on the development of an 
integrator or resistance-capacitance circuit analogy for natural convection.  As a part of a 
larger project to enhance transport phenomenon on a micro-scale using radiation, this 
work studied the phenomenon of natural convection.  Using experimental techniques and 
numerical simulations (FLUENT code), it investigated the transient response of a natural 
convection system. It proposes an  integrator circuit analogy for a natural convection 
system. Experimental investigation with three different fluids indicated that the 
characteristic time constant of the system is related to the Prandtl number of the fluid.  
The project also investigated the effect of gravity and fluid viscosity. 
 Previous simulation results suggested that a natural convection system acts as a 
low pass filter. Transmission characteristics of a natural convection system were found to 
be a function of both fluid properties and  flow characteristics.  The transmission factor 
was found to be a strong function of frequency of temperature fluctuation. 
This research carried out further numerical simulations which suggest that in 
addition to the thermal energy stored in the system, a natural convection system stores 
kinetic energy. This energy is related to the system’s Rayleigh number. This additional 
kinetic-energy based capacitance should be considered when modeling the natural 
convection phenomena (particularly those involving fluids with low Prandtl numbers e.g., 
liquid metal coolant). Due to the coupling between the flow field and the temperature 
field, natural convection has variable thermal resistance, a condition analogous to 
voltage-dependent resistors in electric circuits. Numerical simulations observed this 
variable behavior of thermal resistance. Based on the results, this work proposes a new 
equivalent RC circuit representation for natural convection, a significant step towards 
development of a new computationally less intensive modeling and analysis tool for 
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Abstract   
This research is an extension of previous work on the development of an 
integrator or resistance-capacitance circuit analogy for natural convection. This 
analogy has been proved experimentally and  by numerical simulations.  This 
work performed additional Rayleigh-Bénard convection numerical simulations to 
investigate the dependence of the thermal resistance of a natural convection 
system on the temperature difference between source and sink. (∆T). The results 
confirm this dependence and demonstrate that it is analogous to voltage-
dependent resistor in electrical engineering. This analogy implies that this 
dependence creates a variable time constant in natural convection systems. This 
research also suggests that a natural convection system, stores not only thermal 
energy but also kinetic energy.  The relative contribution of kinetic energy 
capacitance depends on the systems Rayleigh number.  The results of this study 
represent a  significant step toward development of a new, inexpensive modeling 
and transient analysis tool for a natural convection system.  
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Many next-generations nuclear reactor systems depend on natural convection for 
their passive safety and normal operations (Sinha and Kakodkar, 2006; Sienicki and 
Moisseytsev, 2005).  Even the current fleet of reactors relies heavily on natural 
convection for cool down and decay heat removal (Aqrawal and Guppy, 1981; Duffey 
and Hedges, 1999).  For these reasons, natural convection has been an area of significant 
interest for nuclear engineering professionals.  Consequently, the reliability of natural 
convection systems  is emerging as an important area of study (Mackay, Apostolakis, and 
Hejzlar 2008).  Numerous numerical tools are available for the thermo-fluid analysis of 
reactor systems (INEEL, 2001; FLUENT Version 6.2.16; Scheuerer et. al. 2005).  
However, all put a high demand on computer resources, thus limiting the number of 
analyses possible over a specific time.  Therefore, tools are needed to permit quick 
modeling and analysis of numerous safety analysis scenarios and to evaluate design 
options for first approximation calculations.  
To enable quick modeling, modeling tools are particularly crucial for analysis of 
various modes of heat transfer.  Table 1 shows no analytical tool is currently available for 









Table 1. Analytical tools available for Heat Transfer 
 Conductive heat transfer Convective heat transfer 
Steady-state modeling 
Only resistors are needed in 















Transient lumped modeling 
Resistors and capacitors are 














Subject of this work 
 
Based on the fundamental similarity between the flow of heat and electrical 
charge in a noninductive electrical circuit, useful analogy developed for steady state 
conductive heat transfer.  This analogy has been extended for transient analysis by adding 
capacitors to the equivalent circuit to incorporate the system’s thermal inertia (Paschkis 
and Baker, 1942).  According to  this analogy, instantaneous temperature differences and 
instantaneous heat transfer rates correspond to instantaneous voltage differences and 
currents in an equivalent electrical circuit.  This extension made possible transient 
analysis of conduction.  In the case of pure conduction, the resistance, R, is equal to the 
thermal resistance of the material layer, which is a function of thermal conductivity and 
geometrical parameters. The capacitance, C, is the thermal capacity of the material.  
Therefore the characteristic time constant of the system can be expressed as; τ = R.C.  
For pure conduction, the time constant depends only on the physical properties of the 
material or fluid and on the geometry of the heat transfer system.  Therefore, the time 
constant of an equivalent RC circuit for conduction is proportional to thermal diffusivity 
of the material (Rohsenow and Hartnett 1973).  This simplified modeling scheme is 




system is determined, standard tools from the electrical domain can be used to analyze a 
complex circuit of pure conduction components. 
Chin, Nordlund, and Staton (2003) performed a comparative analysis of the 
conductive lumped model using finite element analysis technique with the goal of 
identifying the strengths and weaknesses of each of these tools.  They used Motor-CAD 
(Staton 2000), a lumped heat transfer modeling tool, to investigate the thermal aspects of 
electric motor design and compare their findings with the finite element approach 
(FEMLAB 2002).  Motor-CAD represents complex thermal problems by transforming 
the thermal network to an analogous electric network.  For steady-state analysis, resistors 
alone were sufficient whereas  capacitors based on the material’s heat capacity were 
added to the network to represent system’s thermal inertia.  Chin’s group concluded that 
calculation speed is a major advantage of an approach based on the  lumped model.  On 
the other hand, an approach based on finite element modeling (FEM) has the flexibility to 
model complex geometries and provide much detailed information about temperature 
distribution within the system at the expense of long execution time.   
Subsequently, Chin and Staton (2004) applied these techniques to transient 
thermal analysis of permanent magnet traction motors. Their findings suggest that the 
lumped model is particularly well suited for that purpose.  Thus, they recommend the use 
of a lumped analytical model for initial design optimization and analysis of hypothetical 
scenarios.  While FEM based approach provided more detailed temperature distribution 
throughout a  thermally conductive system and is more suitable, therefore,  for later 




to note, however, that the application of lumped analytical models is limited to pure 
conduction systems.        
For convective heat transfer problems the analogy can be extended by redefining 
the thermal resistance of the equivalent circuit in terms of the convective heat transfer 
coefficient and thus making possible the steady state analysis of convection and 
conduction-convection combinations.  However, for convective systems,  the definition 
of capacitance is not clear; therefore, no transient analysis of such systems is possible.  
The purpose of the on-going research reported here is to extend the circuit analogy for 
convective systems, permitting transient analysis for combination conduction-convection 
systems.  Such a tool would be valuable for a quick, first-approximation calculations of  
numerous engineering problems.   
Rayleigh-Bénard (Bejan, A., 2004) and Bénard-Marangoni (Bau H, 1999) 
convection are classical experiments to investigate the fundamental nature of the 
phenomenon of natural convection.  The experimental apparatus for Rayleigh-Bénard 
convection consists of two sufficiently wide parallel plates separated by a fluid of known 
thickness that is heated from below (source side).  The onset of convection occurs when 
the Rayleigh number (Ra) exceeds the critical value of 1708.  The Rayleigh number is an 
important dimensionless number characteristic of natural convection phenomena (Bejan, 






= .                                                          (1) 
A previous experimental investigation of Rayleigh-Bénard convection (Usman et 




of an integrator circuit. This conclusion led to an extension of the RC circuit analogy for 
natural convection. The results were further validated by numerical simulations (Usman 
et al., 2007b), demonstrating that natural convection systems imitate all aspects of RC 
behavior. The simulations demonstrated that a natural convection system behaves as a 
low-pass filter, that is, it filters out high-frequency temperature fluctuations at the source 
side.  Moreover, they showed that transmission of these fluctuations is a strong function 
of the frequency of periodic fluctuations.  These results are entirely consistent with the 
analogous electrical circuit. 
The present numerical study extends the concept of the analogous circuit  to 
represent natural convection by an equivalent RC circuit, as shown in the figure 1.  
However, the resistance and capacitance of a natural convection system would be 
significantly different from those of a pure conduction system.  Figure 1 shows the 
corresponding resistance as a combination of two parallel resistances.  The fixed 
resistance is due to conduction, whereas the variable resistance is due to convection, 
which depends on the state of flow.   Likewise, the revised circuit displays an additional 
capacitor parallel to the capacitor of a simple RC circuit.  In the case of natural 
convection, some portion of the thermal energy supplied to the system is stored in form 
of kinetic energy in the fluid that is set in motion by natural convection. This additional 
kinetic energy capacitance must be properly modeled for accurate representation of 

















Figure 2 illustrates the flow of energy and the exchange of thermal energy with 
kinetic energy and vise versa for a natural convection system.  The left side of the picture 
represents the conduction path available for the heat to pass through the system.  This is 
the only path before the on-set of convection.  This path offers a resistance that depends 
only on the thermal conductivity of the fluid and the geometric parameters.  Likewise, the 
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on-set of convection a second convection path becomes available for the heat to flow 
through the system.  This convective resistance depends heavily on the flow conditions in 
the system and is therefore represented as a variable resistance in figure 1.  Heat is 
converted to fluid’s K.E. and subsequently converted back to heat via viscous dissipation.  
For a steady state, these conversions are in equilibrium.  For a transient state, the 
inequilibrium depends on the fluid properties (i.e., viscosity, density, thermal expansion 
coefficient etc.) and the system geometry.  Therefore, an additional means of energy 
storage in the form of the kinetic energy of the fluid also becomes available to the system. 
This kinetic energy is dependent on the flow conditions.  One aim of the present study is 
to investigate the relative significance of these various energy flow paths and 
capacitances.   
Natural convection has long been known to exhibit nonlinear behavior because of 
close coupling between the flow field and the temperature field (Bejan, A., 2004).  Thus, 
the heat transfer coefficient is a function of the temperature difference between source 
and sink (∆T) and of fluid properties and geometrical parameters.  Since thermal 
resistance is inversely proportional to the heat transfer coefficient, thermal resistance 
becomes a function of ∆T.  Thus, this work also investigates of ∆T-dependent thermal 













2. Simulation Set-up 
This work relied on FLUENT v6.2.16 (FLUENT Version 6.2.16) to investigate 
numerically the phenomenon of natural convection.  Gambit was used to generate a very 
fine grid for a cylindrical disc of fluid (40 mm diameter; 2 mm height).  The Rayleigh-
Bénard convection apparatus was modeled by dividing the fluid volume into 20 axial 
layers and 400 circumferential divisions.  After importing this fine grid into FLUENT a 
three-dimensional simulation of unsteady flow was performed using a first order implicit 
scheme. The transient simulations proceeded in small time steps of 50 ms. Due to the low 
velocity of the simulations, pressure-based (segregated) solver was used to avoid 
unnecessary long calculation times. A pressure-based solution is considered sufficient for 
velocities in the subsonic region (Kelecy F. J., FLUENT Technical Notes TN191, 2002).  
The numerical simulation used a laminar viscous model, which is valid for low Rayleigh 
numbers.  There is disagreement over the Rayleigh number values at which a turbulent 
model becomes necessary.  However, a Rayleigh number of 50,000 is universally 
accepted as the minimum value requiring turbulent treatment (Jaluria Y., 1980a).  All 
simulations in this study were well within this limit.   
The properties of water used for this study were those that obtain at a temperature 
of 20°C (CRC handbook, 2008).  A combination of various boundary conditions was 
chosen including a constant temperature (Dirichlet boundary condition), constant heat 
flux (Neumann boundary condition), convective boundary condition (Robin boundary 
condition),  and insulated boundary condition (FLUENT Version 6.2.16).   
The governing equations for natural convection flow are coupled elliptic partial 




nature of these equations can be attributed to the inherent variation of density with 
temperature.  To simplify the governing equations several approximations were made.  
The Boussinesq approximation (Boussinesq J., 1903) is one in which the density 
difference can be estimated as a pure temperature effect.  This difference causes the flow 
due to an interaction between the gravitational body force and the hydrostatic pressure 
gradient. Boussinesq is a good approximation whenever density differences are small 
enough to be disregarded except when such differences  appear in terms multiplied by 
gravitational acceleration.  For liquids, Boussinesq is a particularly  good approximation 
since the coefficient of expansion is relatively small.  This approximation simplifies 
coupled equations of natural convection.   
To model the buoyancy driven flow, this study used a  Boussinesq approximation 
for density variation with respect to temperature.  With these approximations, the  energy 
and flow equations were solved using FLUENT.  A first order upwind scheme was used 
for discretization of momentum and energy.  The operating pressure was defined as 
atmospheric pressure.  Pressure-velocity coupling was achieved through the SIMPLE 
(semi-implicit method for pressure-linked equations) algorithm (Wei et. al., 2002). The 
SIMPLE scheme is recommended by FLUENT for modeling natural convection and 
other buoyancy-driven flows.  The value of convergence criterion for momentum and 
continuity equations were set to 1e-4 and those for energy equation were set to 1e-6.  A 
convergence criterion of 1e-6 proved difficult for 300 iterations.  Hence, for momentum 
and continuity equations, the convergence criteria were increased to 1e-4.  This criterion 




For the post-processing of data, various surface and volume monitors were 
configured in FLUENT.   For example, surface temperature and heat flux monitors were 
used to record the transient behavior of the sink side temperature and an internal energy 
volume monitor was used to determine the energy stored in the fluid medium. 
These simulations were run on a high-performance Alienware Workstation with a 
2.41GHz dual core AMD Opteron (TM) processor 280-, with 4GB of RAM.  When all 
four processors were used in parallel, these simulations typically took between 12 and 16 
hours of computer time.  This computer time is a significant improvement over that 
required by computer with a 3.4-GHz Pentium 4 processor with 1 GB RAM which takes 
approximately 70 hours of computer CPU time (Usman et al., 2007b). 
3. Variable Thermal Resistance for atural Convection 
To investigate the ∆T-dependency of thermal resistance for a natural convection 
system, a number of FLUENT simulations were performed.  For conduction, thermal 
resistance is constant for a given geometry as long as variations in material properties 
with temperature are disregarded.  For a constant thermal resistance, a plot of ∆T versus 
heat flux would be a straight line.  If the resistance varied however, this linearity would 
not hold.   
3-a. Simulation Boundary Conditions 
To investigate the ∆T dependency of thermal resistance 31 simulations were run.  
For each one a constant heat flux boundary conditions was applied  on the source side.  
The heat flux values were chosen such that they would cover the entire range from; pure 
conduction to the conduction-convection transition to the convection region.  The values 




2000, 2200, 2400, 2600, 2800, 3000, 3200, 3400, 3600, 3800, 4000, 4100, 4200, 4300, 
4400, 6000, 6100, 6200, 6300, 6400, 10000, and 20000 W . On the sink side, a constant 
convective boundary condition (h= 100 W per m
2
 per K, Tamb = 300 K) was applied for 
all runs.  Side circumferential walls were perfectly insulated.  Water, initially at 20°C, 
was chosen as a working medium.   
3-b. Simulation Results Analysis 
The simulations were performed to observe the transient response of the sink side 
temperature as it approached steady state (an asymptotic value).  For each heat flux 
boundary condition, the steady state temperature difference between the source plate and 
the sink plate (∆T) was calculated.  Thermal resistance (RTh) was determined for each 











= .  
Figure 3 shows the variation of heat flux (q”) with respect to ∆ T. 
The thermal conductivity of fluid (i.e., pure conduction) is always less than the 
heat transfer coefficient for natural or forced convection.  Thermal resistance is inversely 
proportional to the thermal conductivity of fluid in case of conduction, whereas it is 
inversely proportional to the heat transfer coefficient in case of natural convection.  
Hence, thermal resistance, RTh, for natural convection is smaller than that for conduction. 
It is evident from the figure 3  that there are two distinct regions.  For small values 
of ∆T (i.e., during conduction before the onset of natural convection) the slope is linear.  
This ohmic behavior is the response of a pure conductive system.  However, at just above 
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Fig.3 Heat flux variation with respect to  ∆ T 
Figure 3 clearly shows that for natural convection the slope changes continuously 
(i.e. increases).  Thus, thermal resistance for natural convection continuously decreases 
with increasing ∆T.  This obvious result is important for the extension of the RC circuit 
analogy for natural convection.  Thermal resistance of the system was calculated by 









= .  Thermal resistance was 
plotted as a function of ∆T.  As shown in figure 4, thermal resistance remains constant 
until ∆T reaches approximately 7°C, then drops rapidly.  This drop in thermal resistance 
appears to be an exponential or polynomial function; however, further research is needed 
to determine the dependency of thermal resistance on ∆T.  This dependency can be 
expected to include the fluid’s physical properties as well as its  flow characteristics.   
It is reassuring that in electrical circuits, the concept of a voltage-dependent 
resistor (VDR) is well established (see for example Nagel and Rohrer 1971 or      
Kundert,  ,1998).  These techniques can be used to model the variable thermal resistance 






Fig.4 Thermal Resistance Variation with Temperature Difference (∆T) 
All simulations used the same geometry and the fluid properties were also kept 
constant.  Thus as is evident in figure 4, thermal resistance for natural convection is a 
nonlinear function of ∆T, whereas for conduction it is constant and independent of ∆T.  
Figure 5 represents thermal resistance variation with the Rayleigh number.  It clearly 
demonstrates that at higher Rayleigh numbers the change in thermal resistance with ∆T is 
lower than that at lower values of the Rayleigh number.  This aspect of the results 
requires further investigation.  The onset of convection was observed at a Rayleigh 
number lower than the critical Rayleigh number (i.e., 1708 for two infinitely long parallel 
plates).  This difference can be attributed to the fact that the simulation geometry was 
finite and the interference from the circumferential wall leads to a lower value of the 





Fig.5 Thermal Resistance Variation with Rayleigh Number 
4. Kinetic Energy Capacitance  
In electrical circuits, the capacitor stores the electrical charge; therefore, voltage 
builds up across the capacitor (Bryant, 2006).  Similarly, in the case of heat transfer 
systems involving pure conduction, heat is stored in the form of internal energy, which is 
also referred to as the thermal capacitance of the system.  The transient behavior of a 
thermal system depends primarily on the systems energy storage capacity.   
In the case of systems involving natural convection, in addition to the energy 
stored in internal energy form (i.e., thermal capacitance), some energy is also used to set 
the fluid in motion. This fluid motion is induced by buoyancy resulting from body forces 
acting on density gradients, which in turn arise from temperature gradients in the fluid 
(Kays  et al., 2005.)  As per the first law of thermodynamics, the energy used to set the 
fluid in motion is  stored in the form of kinetic energy.  Thus a natural convection heat 
transfer system has an additional energy storage mechanism (i.e., kinetic energy 




4-a. Simulation Boundary Conditions 
Additional simulations performed using the fluid geometry/mesh created for 
earlier simulations representing Rayleigh-Bernard convection. On the source side, a 
constant heat flux boundary condition was applied.  Values of heat flux were chosen such 
that there would be natural convection in all cases.  On the sink side, a convective 
boundary condition was applied ( h= 100W/m
2
K, Tamb=300K for all runs). The side walls 
were perfectly insulated.  At the start of the simulation, the fluid was assumed to be at 
rest at 300K; thus, it’s initial energy content was equal only to the internal energy.  
FLUENT’s surface monitors were configured to measure the time response of heat flux 
on the sink side.  
4-b. Kinetic Energy Finding Technique 
To determine the portion of kinetic energy stored, a constant heat flux was applied 
on the source side, and the sink side heat flux was monitored using FLUENT’s surface 
monitors.  The sink side heat flux was plotted as a function of simulation time. It was 
found to approach the source side heat flux asymptotically.  The time integral area 
between the two curves (i.e., source-side and sink-side heat flux) was estimated using 
Origin Pro 8.  This area represents the total energy stored in the system. The conduction 







Fig. 6 Heat Flux Variation during Transient 
 
Figures 6 represent the time response of the heat flux on the source and sink sides. 
Thus the area under curve OABE represents heat input to the Rayleigh-Bernard 
convection apparatus, and area under curve OCBE represents heat coming out of the 
Rayleigh-Bernard convection apparatus. Thus the area OCBAO represents the change in 
the energy of fluid.  As mentioned above this change consists of the change in its internal 
energy and that associated with setting up the fluid motion.  Since the fluid was assumed 
to be at rest initially, the part of the energy change associated with fluid motion represents 
the energy stored in the form of Kinetic energy.  Fig. 7 plots the kinetic energy stored per 
kilogram of working fluid versus the Rayleigh number. 
Figure 7 clearly shows that natural convection involves an additional energy 
storage mechanism, i.e., kinetic energy capacitance.  The amount of kinetic energy stored 
varies almost linearly with the Rayleigh number.  This linear relationship confirms that 




temperature difference between the source and the sink (Jaluria , 1980b).  At a Rayleigh 
number approximately equal to 1500, the kinetic energy decreases  to zero, which 
indicates that pure conduction occurs below 1500.  This lower value of critical Rayleigh 
number (as compared to 1708 for two infinitely long parallel plates) can be attributed to 
the wall effect.  Further investigation is needed to determine the impact of geometrical 
parameters on kinetic energy stored in fluid. Also, the impact of this additional 
capacitance on the time constant of natural convection during transients is potentially 
significant, particularly in liquid metal cooled reactors, and would require further 
investigation. 



































Based on the extension of an electrical analogy, this work has drawn a revised 
equivalent circuit for natural convection.  The new circuit resembles an equivalent RC 
circuit, however, the resistance is shown as a combination of two parallel resistances.  
One resistance is fixed representing the thermal resistance for conductive heat transfer.  
Parallel to this, a variable resistance is added for convective heat transfer, representing 
two parallel paths for heat transfer.  The conductive resistance depends solely on fluid 
properties and is therefore fixed.  The convective resistance depends on the fluid 
properties and conditions; therefore, it varies with the Rayleigh number.  Thus when the 
Rayleigh number is small, the convective resistance will be infinite and conduction will 
be represented as a limiting case of convective heat transfer.   
Likewise, an additional capacitor has been added to the equivalent circuit because  
natural convection stores some energy in the form of fluid kinetic energy .  Therefore, in 
addition to the energy stored in the form of heat or fluid internal energy, the system stores 
energy in the form of kinetic energy of the fluid.  The literature has not addressed this 
aspect of natural convection. 
Total thermal resistance for natural convection depends upon the temperature 
difference between the source and the sink along with fluid properties and geometrical 
parameters.  In an electrical circuit, there is a voltage-dependent resistor analogous to the 
variable behavior of thermal resistance of natural convection.  The results presented here 
show that thermal resistance for natural convection decreases with an increase in ∆T, 
which is directly proportional to the dimensionless Rayleigh number.  The exact 




Stored kinetic energy is found to be a linear function of the Rayleigh number for a 
given working fluid.  It is evident from the graph in figure 7 that kinetic energy is zero for 
a Rayleigh number value somewhere around 1500.  Below this Rayleigh number, kinetic 
energy is zero, which essentially represents a conduction region. For the geometry 
investigated in this research, kinetic energy is a very small fraction of the total energy 
stored in the system.  However, since stored kinetic energy is related to the Rayleigh 
number (which in turn is proportional to cubed characteristic length) kinetic energy 
storage can be very significant for certain geometries.  This additional capacitance affects 
the time constant and hence the transient response of a natural convection system.  
 Additional kinetic energy capacitance and the variable nature of thermal 
resistance must be considered when representing natural convection by an equivalent RC 
circuit.  Standard tools are available for electrical circuit analysis (e.g., the simulation 
program for integrated circuit emphasis, or SPICE) with variable resistance (Kundert  
1998 and Nagel et al., 1971).  These tools can be adopted for analysis of natural 
convection using an equivalent analogous circuit.  This analogy can be used as an 
inexpensive modeling and analysis tool for natural convection.   
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Symbol Description Units 
C Electrical Capacitance F 
R Electrical Resistance Ω 
VC Input Voltage V 
VR Output Voltage V 
Tsource Temperature at Source Side K 
Tsink Temperature at Sink Side K
 





q” Heat Flux W/ m
2
 













τ Characteristic Time Constant s 
β 
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